Abstract. A celebrated result of F. Jaeger states that the Tutte polynomial of a planar graph is determined by the HOMFLY polynomial of an associated link. Here we are interested in the converse of this result. We consider the question 'to what extent does the Tutte polynomial determine the HOMFLY polynomial of any knot?' We show that the HOMFLY polynomial of a knot is determined by Tutte polynomials of plane graphs associated to the knot.
Introduction
Since the discovery of the Jones polynomial in the 80s, many significant connections between quantum knot invariants and graph polynomials have been discovered. Most of the literature relating knot and graph theory can be split into two distinct categories: those which use graph theory to deduce information about knots and their invariants, for example [7, 11, 15, 20] , to name a very few; and those which use knot theory to motivate graph theory, as in [5, 14, 16, 17, 21] . We are interested in bridging these two categories.
Here we are interested in a result of F. Jaeger which gives the Tutte polynomial of a plane graph as a evaluation of the HOMFLY polynomial (a generalisation of the Jones polynomial) of an associated link. The approach used by Jaeger in [10] was to construct a link diagram L G by replacing each edge of a plane graph G with a certain pair of crossings (shown in figure 2 ). This choice of pairs of crossing has the property that the application of the HOMFLY skein relation to one of the crossings results in two links and these two links correspond to those constructed from the two graphs obtained by deleting and contracting the appropriate edge of G, i.e. Jaeger constructed his links from plane graphs so that the HOMFLY skein relation mimics the deletion contraction relation defining the Tutte polynomial. We note that Jaeger's work was generalized by Traldi in [21] to a larger class of links and by the author in [16] .
Given this realization of the Tutte polynomial as the HOMFLY polynomial of a class of links (note that this is a proper subset of the set of links), it is natural to ask to what extent the Tutte polynomial determines the HOMFLY polynomial of an arbitrary link? Here we address this question and we prove the following: Theorem 1 (Main Theorem). The 2-variable HOMFLY polynomial of a link is determined by the Tutte polynomial of a Z[q, q −1 ]-linear combination of associated graphs.
The approach used here is very different from that described above to show that the HOMFLY polynomial determines the Tutte polynomial. We use certain non-trivial results from the theory of Vassiliev invariants.
The idea behind our approach is as follows. The 2-variable HOMFLY polynomial P (y, z) can be determined by its 1-variable version P (e h ) (where this is viewed as a formal power series in indeterminate h). This 1-variable version has the advantage that it is a Vassiliev power series which means that the coefficient of h d is a degree d Vassiliev invariant and P (e h ) is uniquely determined by its weight system. Therefore if we can show that the weight system of the Vassiliev power series is determined by the Tutte polynomial we prove our theorem. We can calculate the value of the weight system of the HOMFLY polynomial of any degree d chord diagram D using the Vassiliev map ϕ from chord diagrams to alternating sums of knots and then calculating the dth coefficient of the HOMFLY polynomial P (e h ) of ϕ(D). Since we do not know how to calculate this polynomial in terms of the Tutte polynomial we construct another linear combination of links L D with the property that the dth coefficient of P (e h ) agrees for both ϕ(D) and L D (we note that these links are non-isotopic in general). The links L D that we have constructed are of a form such that we can apply Jaeger's result to calculate the HOMFLY polynomials in terms of the Tutte polynomial of an associated graph. Therefore we can use the Tutte polynomial to calculate the dth coefficient of L D , which coincides with the dth coefficient of ϕ(D) and in turn this determines the weight system of P (e h ) and therefore the HOMFLY polynomial P (e h ) and finally P (y, z). So the Tutte polynomial with which we started determines the HOMFLY.
Preliminaries
2.1. The Tutte polynomial. Let G = (V, E) be a graph with vertex set V and edge set E. We allow multiple edges and loops. We will denote |V | by v(G), |E| by e(G) and the number of connected components of G by k(G). Here we are interested in plane graphs. A plane graph is a graph equipped with an embedding into the plane.
If A ⊂ E is a set of edges of G, by G/A we will mean the graph obtained by contracting G along the edges contained in the set A, and by G\A we will mean the subgraph of G obtained by deleting all of the edges contained in A. If the set A contains a single edge e, we write G/e and G\e instead of G/{e} and G\{e} respectively. A bridge is an edge whose removal disconnects the graph and a loop is an edge such that both of its ends are incident to the same vertex.
The We will need to consider the module of formal linear combinations of graphs over the ring Z[q, q −1 ]. In this situation we will extend the Tutte polynomial linearly over the module.
The HOMFLY polynomial.
A knot is an embedding of the unit circle S 1 into the 3-sphere S 3 . A link is a disjoint embedding of (possibly) more than one copy of S 1 into S 3 . Knots and links are considered up to isotopy. In this paper we will mostly work with knots, however we will need to expand to links in Section 4. A knot or link diagram is a four-valent graph embedded in the plane where an over or under crossing structure is assigned to each vertex. Knots and links can be identified with (equivalence classes of) planar diagrams. We will generally abuse notation and blur the distinction between the knots and links and their class of diagrams and just say 'knot' or 'link' when we mean a choice of one of its diagrams.
Let L be a link and let L + , L − and L 0 respectively be the links which are identical to L except in a single region where they differ by a +1, −1 and 0 crossings respectively. These are shown in figure 1. (As is standard, throughout this paper we just draw part of a link, to indicate local differences.)
The 2-variable HOMFLY polynomial [9, 18] is a (Laurent) polynomial invariant of links in Z[y ±1 , z ±1 ]. It is defined by the following skein relation:
where O denotes the unknot. We will also need the 1-variable HOMFLY polynomial,
, which is the specialization of the 2-variable HOMFLY at y = q m/2 and z = q 1/2 − q −1/2 , for an integer m. Its defining skein relation is
In order to simplify notation we have generally excluded the variables, however when we wish to emphasize the variables we will include them and write, for example, P (L; y, z) instead of P (L).
The 1-variable polynomial is particularly important to us here since it arises as the sl m Reshetekin-Turaev invariant [19, 22] and is related to the theory of Vassiliev invariants. In addition the 1-variable polynomial determines the 2-variable polynomial.
At times we will find it convenient to work with the 1-variable HOMFLY skein module rather than the polynomial. This is the 1-dimensional module over Z[q, q −1 ] spanned by links modulo the 1-variable
2.3.
A review of the work of Jaeger. We will construct a link L G from a plane graph G in the following way. First of all, we blow up each vertex of G into a small disc whose boundary is oriented counter-clockwise. Secondly, we replace each edge of G with the tangle shown in figure 2(a) . Finally, we define L G to be the link formed by connecting each of these tangles along the boundary of the discs. An example is shown in figure 2 (b). We will call the link L G the Jaeger link associated to G and we will call the class of links which can be constructed in this way Jaeger links. Note that Jaeger links form a proper subset of the set of links since, amongst their other properties, they are alternating. In [10] , Jaeger proved the following two theorems which give an equivalence between HOMFLY polynomials of Jaeger links and the Tutte polynomials of plane graphs.
Theorem 2 (Jaeger). Let G be a plane graph and L G be the associated Jaeger link. Then
Jaeger's theorem has a remarkable application which says that the Tutte polynomial of a plane graph is determined by the HOMFLY polynomial of its associated Jaeger link.
Theorem 3 (Jaeger). For any plane graph
.
Vassiliev invariants
Let K denote the free vector space over Q spanned by (isotopy classes of) oriented knots. It is convenient to consider singular knots, which are knots with some transversal double points. We regard singular knots as elements of K by using the relation shown in figure 3 to resolve any singular crossings.
Let K d denote the subspace of K spanned by knots with d double points. This defines a decreasing filtration of vector spaces A chord diagram of degree d consists of an oriented circle and a set of d pairs of points on the circle. As is standard practice, we draw chords connecting the paired points on the circle to obtain a graphical representation of a chord diagram. We refer to the oriented circle in a chord diagram as its skeleton.
Let A d denote the Q vector space spanned by chord diagrams of degree d modulo the 4T and F I relations shown in figure 4 .
A weight system of degree d is an element of the dual space A d . We will now discuss the connection between weight systems and Vassiliev invariants.
We will be interested in the realization map ϕ :
This map is defined through figure 5 , where a singular knot is obtained by deforming the circle so that it follows each chord, links with the circle at the other end of the chord, and then travels back along the chord. Notice that in the formation of ϕ(D), several choices of over and under crossings as well as the choice of an end of a chord are made. However, since the singular link ϕ(D) is regarded as an element of the quotient space K d /K d+1 , once the d singular points are fixed we are free, by Lemma 4, to resolve any of the other crossings as we please.
Any Vassiliev invariant v of degree d gives rise to a weight system through a composition with the map ϕ: (ii) Z induces the inverse of the map ϕ and therefore the spaces A d and K d /K d+1 are isomorphic.
Usually Vassiliev invariants are not determined by their weight systems, however in certain cases they are. The HOMFLY polynomial is an example of an invariant which is determined by its weight system. We turn our attention to canonical Vassiliev invariants, which are a class of Vassiliev invariants determined by their weight systems. This class includes many important knot invariants. Canonical Vassiliev invariants are well known in knot theory and perhaps their most famous application is Bar-Natan and Garoufalidis' proof of the Melvin-Morton-Rozansky conjecture in [3] .
Let p d : A → A d be the projection map. We say that a degree d Vassiliev invariant v is canonical if
A Vassiliev power series is a power series of the form
where each v d is a Vassilev invariant of degree d, and h is a formal parameter. If W v d is the weight system of each invariant v d we define
This is an element of the graded completion of the space of weight systems. Clearly a canonical Vassiliev power series is uniquely determined by its weight system. The following example of a canonical Vassiliev power series is central to this paper.
Lemma 6 (Kassel; Le and Murakami). The HOMFLY polynomial P (m) (e h ) is a canonical Vassiliev power series. Moreover, it is determined by its weight system.
In actual fact in [12] and [13] it is shown more generally that the Reshetikhin-Turaev invariant associated to any semi-simple Lie algebra and a representation is a canonical Vassiliev power series. The above example follows from this since the 1-variable HOMFLY polynomial is the invariant associated with the Lie algebra sl n and its standard representation.
The above tells us that if we can determine the weight system for the HOMFLY polynomial then we can determine the HOMFLY polynomial P (m) (e h ). Given this 1-variable polynomial, we would like to determine the 2-variable HOMFLY polynomial of Section 2.2. The following Lemma from [22] tells us we can do this. For the convenience of the reader we will provide a sketch of the proof.
Lemma 7 (Turaev). The 1-variable HOMFLY polynomial P
(m) (e h ) evaluated at e h uniquely determines the 2-variable HOMFLY polynomial P (y, z).
Sketch of proof. Firstly, since the 1-variable HOMFLY polynomial P (m) (q) is of finite span it is uniquely determined by the polynomial P (m) (e h ). Consider the HOMFLY polynomial of a knot of u crossings. By repeated applications of the defining HOMFLY skein relations we see that
where 0 ≤ f ≤ u, −u ≤ e ≤ u and s e,f ∈ Z are some coefficients. If we then choose m/2 > 2u + 1 then we see that P (m) (q) can be uniquely expressed as a finite sum
Then we can set
This is readily seen to satisfy the 2-variable HOMFLY skein relations at y = t and z = q − q −1 and is therefore equal to P (t, q − q −1 ). Finally, the substitution t = iy and q − q −1 = iz gives the 2-variable HOMFLY polynomial P (y, z) as required.
The main theorem
We have seen that the HOMFLY polynomial P (e h ) is canonical Vassiliev power series and is therefore determined by its weight system. We can then write
denote the weight system of P 
The claim follows since P (m) satisfies the 1-variable HOMFLY skein and P
, is a degree d Vassiliev invariant and therefore does not detect crossing changes outside of the d singular crossings.
In this skein module we have L + = L − when the crossings of L + and L − that differ are non-singular crossings. Therefore (q
q m/2 − q −m/2 L 0 when the skein relation is applied to a non-singular crossing. Now we apply this relation twice to two of the i-crossings to get the identity
Therefore we have
By construction, L(D) is a Jaeger link. Using the results described in Subsection 2.3, we can associate a Z[q, q −1 ]-linear combination of plane graphs as follows. We begin with a planar projection of the degree d chord diagram D such that all of the chords lie inside the skeleton S 1 and such that the chords are straight lines between points of S 1 and only two chords meet at any intersection. This divides the plane into regions, which we call the regions of D. We place a vertex in each bounded region of D. We will assign two types of edges to the vertices. First we choose a base point on the skeleton S 1 of D. Then, as we travel around S 1 from the base point in the direction of the orientation, when we meet a chord for the second time we add an edge between the vertices corresponding to the two regions of D which are separated by the chord at that point of S 1 . We call these the s-edges. Four regions of D meet at each intersection point of two chords. We add an edge between any two of the corresponding vertices which lie in adjacent regions. We call these the i-edges. Clearly the graph obtained is a plane graph; we will call this the base graph and denote it by G D . An example is shown in figure 9 .
Finally, we define
The following lemma follows by construction. We may tidy up this formula a little by using the universal Tutte polynomial. The universal Tutte polynomial (see for example [4] ) is the unique graph polynomial U (G) = U (G; x, y, α, σ, τ ) ∈ Z[x, y, α, σ, τ ] defined by the following relations:
(i) U (G) = α n if G has no edges and n vertices; (ii) U (G) = σU (G\e; a, b) + τ U (G/e) if an edge e of G is neither a bridge nor a loop; (iii) U (G) = x U (G\e) if an edge e of G is a bridge; (iv) U (G) = y U (G\e) if an edge e of G is a loop. Again we extend U (G) linearly over the vector space spanned by graphs.
The fundamental property of the universal Tutte polynomial is Proof of Theorem 1. This follows immediately from the proposition above or its corollary and Lemmas 6, 7, 8 and 9.
Remark 12. For clarity we have only shown that the Tutte polynomial determines the HOMFLY polynomial of a knot, however the results presented here generalize to links with little effort.
